Abstract. Physical realizations of non-standard singular self-adjoint extensions for one-dimensional Schrödinger operator in terms of the mass-jump are considered. It is shown that corresponding boundary conditions can be realized for the Hamiltonian with the position-dependent effective mass in two qualitatively different profiles of the effective mass inhomogeneity: the mass-jump and the mass-bump. The existence of quantized magnetic flux in a case of the mass-jump is proven by explicit demonstration of the Zeeman-like splitting for states with the opposite projections of angular momentum.
Introduction
Singular interactions are widely used as theoretical models in quantum physics [1, 2, 3] and nanotechnology for creation and control of electronic devices [4, 5, 6] . The localized structure defects or additional interaction atoms in materials can be modeled by such interactions [7] . Even for the simplest case of Schrödinger operator of a free particle in one dimension besides the standard case of point-like potential
there exist other point-like interactions which correspond to self-adjoint extensions of (1) . Corresponding boundary conditions were interpreted in terms of inhomogeneous layered materials which can be described with the position-dependent effective mass (see e.g. [8, 9] ). Despite the fact that from mathematical point of view the complete mathematical analysis of the singular point interactions for (1) was performed by P. Kurasov in [10, 11] (see also [12] ) the physical interpretation and the possibility of realization of these pointlike interactions in real physical systems is far from being clear. The main result of [10] is that the following 4-parameter set of self-adjoint extensions for (1):
describe all possible point-like interactions. Here symbol D x stands for the derivative in the sense of distributions on the space of functions continuous except at the point of singularity where they have bounded values along with derivatives [10, 11] :
The parameters X i determine the values of the discontinuities of the wave function and its first derivative. The boundary conditions can be represented in matrix form:
Physical classification of all these boundary conditions on the basis of gauge symmetry breaking was proposed in [13] and summarized in Table 1 . Note that although X 2 -case commonly studied as nonmagnetic (see e.g. [8, 9, 10, 14] ), in [13] it was shown that in this case the non zeroth quantized magnetic flux is also present. It was also suggested that X 4 -case corresponds to the presence of mass-jump only and does not include the magnetic field. So this point-like interaction is of potential character like the standard δ-interaction. Both point interactions X 2 and X 4 are related by the broken dilatation symmetry. The latter means that in these cases we deal with the singularity of the position-dependent mass function. The aim of this work is to construct physical Hamiltonians with the position dependent mass for X 2 and X 4 point-like interactions. We also study their difference with respect to the time reversal symmetry caused by the presence of the quantized flux in X 2 -case. This is important from the point of view of the realization of these point BC-matrix Physics interactions in layered sandwich-like materials where the width of transition region is small in comparison with the wave length of a particle.
The structure of the paper is as follows. In Section 1 we relate the effective-mass Hamiltonian with the regularized form of the Hamiltonian (2) for extensions X 2 and X 4 . We demonstrate that these extensions can be described using the position-dependent effective mass Hamiltonian and correspond to two qualitatively different effective mass profiles. The relation between mathematical parameters X 2,4 of boundary conditions and the effective-mass singular profile is established. In Section 2 we consider point interactions on a circle S 1 and show what point interactions have magnetic field via explicit calculation of Zeeman splitting. This way we show that X 2 -extension belongs to the same "magnetic" branch as X 3 -extension. Namely, X 2 -extension (so called δ
(1) -interaction [10, 12] ) has quantized magnetic flux which was missed in previous works. Possible realizations of these interactions in layered nanomaterials are discussed in Conclusion.
Self-adjoint extensions with position-dependent mass
As has been demonstrated in [10] for extensions X 2 and X 4 the regularized Hamiltonian (2) can be written as following:
where
In the limit ε → 0 it corresponds to
On the other hand, according to [15, 16, 17, 18] the Hamiltonian with the positiondependent mass m(x) can be written in the form:
is a variable-mass in unit mass m = 1 and α is some exponent. As is easy to see that the Hamiltonian (8) in the case α = 0 has the same structure as the Hamiltonian (5) in the case X 2 = 0. Thus, the Hamiltonian for extension X 4 can be written as:
and m ε X 4 (x) has the form of mass-bump (see Figure 1 ). In addition, in the limit ε → 0 for the mass-bump case we have the Hamiltonian:
with inverse mass operator:
The Hamiltonian (11) corresponds to the following self-adjoint boundary conditions for (1):
where X 4 is defined as:
Naturally, the limiting case m ε X 4 (x) → 1/2 corresponds to X 4 = 0. In [14] it was shown that by the coordinate transformation x → η the effectivemass Hamiltonian (8) can be transformed into common form of a sum of "kinetic" and "potential" terms: 
This confirms the results of symmetry analysis of [13] that the mass-bump case (X 4 -extension) belongs to the same class of "potential" interactions as the standard δ-potential (X 1 -extension). Note that Hamiltonians (5) and (15) have the same structure if we set α = 1/4 and X 4 = 0, respectively. Thus, the Hamiltonian for extension X 2 can be written as:
so that mass profile has the form of the mass-jump (see Figure 2) . Now we are able to relate the mathematical parameter X 2 with the mass-jump value. According to [14] , the boundary conditions for the singular mass-jump are as follows:
where µ = m − m + . In order to compare (19) with that of Kurasov's boundary conditions (4) we should take into account the appropriate scaling because X 2 -case corresponds to the dilatation symmetry breaking [13, 19] and therefore the appropriate scale choice on the semiaxes is needed for Kurasov's Hamiltonian. In accordance with the scaling property x → λ x for x > 0, where
Comparing Kurasov's boundary conditions (4) with (20) we obtain the following relation between µ and X 2 :
Naturally, the limiting case µ → 1 leads to X 2 = 0 and if µ → 0 or µ → ∞ then |X 2 | → 2. Here we do not use of the results of work [9] where this X 2 -case was coupled with X 1 interaction. Also we note that from (21) X 2 < 2 and the case X 2 > 2 differs only by additional π-phase. This is indirect hint on he magnetic nature of this singular interaction and we prove it in Section 2.
As an example possible application of such point interaction one can consider the energy filter consisting of two such defects (see Figure 3) . Such filter demonstrates high energetic selectivity as the analysis of transmission coefficient shows (see Figure 4 ). Despite the fact that X 2 point interaction can be described by the Hamiltonian with the position-dependent effective mass in the following section we demonstrate that it also contains a quantized magnetic flux.
Localized quantum magnetic field in X 2 -extension
According to symmetry considerations [13] X 2 -case includes non-zeroth localized quantized magnetic flux. From the symmetry point of view X 2 -extension rather belongs to the same "magnetic" branch as the X 3 -extension associated with the following boundary conditions of localized magnetic flux γ = Φ 2 π which is related to Kurasov's Hamiltonian parameter X 3 as following:
The magnetic nature of X 3 -extension is obvious and manifest itself also in scattering matrix:Ŝ
so that S T = S which means the time reversal symmetry breaking because of the magnetic field. Sure if γ = n, n ∈ Z we have "hidden" non-zeroth flux. This is exactly what happens in X 2 -extension and we show it below.
The magnetic nature of X 2 -extension can be demonstrated by considering it on a circle S 1 . In such geometry the momentum transforms into angular one and becomes quantized with the magnetic quantum number m. As is known non-magnetic interactions do not break the degeneration of the energy levels E m = E −m only magnetic ones do it. Standard solution of the boundary problem on a circle (interval [−1, 1] with its ends glued and the singular interaction located at x = 0) shows that X 2,3 -extensions has identical spectra. For X 3 -extension the spectrum is given by the equation:
and for X 2 -extension it is:
Obviously (24) and (25) coincide up to the reparametrization:
which gives the relation between the extension parameters X 2 and X 3 in the appropriate region of parameters µ and γ. But now the states with m and −m are non-degenerate since the states | m + γ and | −m + γ have different energies E ±m (γ) = (γ ± m) 2 , i.e. the splitting due to the magnetic field is ∆E = 4 |m| γ (see Figure 5 ). This proves the existence of magnetic field in these cases. The peculiarity of X 2 -extension is that the "magnetic" splitting is caused by the integer magnetic flux but its magnitude is govern by the electrostatic µ-interaction which is attributed to the singular effectivemass profile. The parameter µ itself is non magnetic in nature by its symmetry though it determines the energetic width of splitting because of the presence of the integer point-like magnetic flux which is unobservable by itself because the boundary conditions Figure 5 . Spectrum of states with E > 0 on a circle for X 2 , X 3 -extensions. The states of the branch with γ > 0 are colored by red, the ones for γ < 0 branch are green matrix M as well as scattering matrix becomes trivial (unit matrix) in such a case. Also note that in case X 2 > 2 additional π-phase appears although from (21) it follows that X 2 < 2. We treat this as another evidence of the quantized magnetic flux so both integer and half-integer quantized flux are described by singular X 2 interaction. Now m Figure 6 . Spectrum of states with E > 0 on a circle for X 1 -extension. Black points are standard states, the red ones are emergent due to X 1 -defect.
we demonstrate that there is no magnetic splitting for X 1,4 point interactions on circle.
Though the spectra of X 1 and X 4 are different the degeneracy of the energy levels for states | ±m remains. Indeed, they shift symmetrically with respect to the state with | m = 0 (see Figures 6, 7) . Namely, the spectrum of states E = k 2 > 0 for X 1 -extension is: and the one of X 4 -extension is:
Thus we have demonstrated the physical nature of point-like interactions and established the magnetic nature of the point interaction for X 2 -extension.
Conclusion
The paper contains two main results. The first one is that non-standard singular selfadjoint extensions X 2 , X 4 can be described by the position-dependent effective-mass Hamiltonian. The first case can be realized as the "mass-bump" (see Figure 1) . The second one corresponds to the "mass-jump"(see Figure 2 ) with explicit breaking of the dilatation symmetry x → λ x [19] . In addition, we state that despite this similarity these extensions differ with respect to the time reversal symmetry. A quantized magnetic flux is present in X 2 -extension, while X 4 -extension is of pure potential, i.e. "electrostatic" nature. Thus, according to the classification of [13] , we have two extensions X 1 , X 4 of the potential nature and two extensions X 2 , X 3 where there is a magnetic field. Possible physical realization of X 2 -extension can be related with the Josephson junctions and other quasi-one-dimensional heterogeneous structures, where the quantized magnetic flux is localized in the transition layer.
support by MES of Ukraine, grants № 0115U003208 and № 018U000202. V.K. is also grateful to Mr. Konstantin Yun for financial support of the research.
